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J> \ Abstract 

■ Physical spacetime geometry follows from some effective thermo- 

V/-) . dynamics of quantum states of all fields and particles described in 

frames of General Relativity. In the sense of pure field theoretical Ein- 
' stein's point of view on gravitation the thermodynamic information 

. is actually quantum gravity. We propose new realization of this old 

| idea by studying the canonical 3 + 1 Dirac-ADM approach to pseudo- 

Riemannian (Lorentzian) manifold of General Relativity. We derive 
the Wheeler-DeWitt theory as the Global One-Dimensional classi- 
cal field theory of the Bose field associated with embedded 3-space, 
where Wheeler's superspace metric is absent. The classical theory is 
discussed, some deductions on tachyon state, Dark Energy density and 
cosmological constant are included. Reduction to 1st order evolution 
is carried out, and quantum theory by the second quantization in the 
Fock space of creators and annihilators is constructed by employing 
the Heisenberg equation and the bosonic Bogoliubov transformation 
for diagonalization. In result we find the static reper with stable vac- 
uum, where quantum states of 3-space can be considered, and finally 
space quantum states thermodynamics is formulated. 
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1 Einstein's Thermodynamic Legacy 



Thermodynamics is the only physical theory of universal content concerning 
which I am convinced that, within the framework of the applicability of its 
basic concepts, it will never be overthrown. 

These words of Dr. Albert Einstein written in his autobiographical notes 
[1] are the testament of his life in Science. One hundred years after Ein- 
stein's discoveries, in the centaury of microcomputers, the testament sounds 
strange. Today theoretical as well as mathematical physics treats thermody- 
namical investigations with some very subtle kind of contempt. In common 
established conviction thermodynamics is clear and well understood branch 
of physics, and is need only for engineering sciences, but not for theoreticians 
and mathematicians - this branch is categorized by more technologic than 
scientific debatable level. 

However, from methodological point of view, it is interesting that the 
General Relativity founder was the well defined thermodynamic physicist, 
and in spite of this crucial fact he successfully formulated physical as well 
as mathematical fundamentals on the modern view on gravitation, so that 
General Relativity today has a status of a physical theory well confirmed by 
experimental data from the nearest regions of Cosmos. 

As it is commonly known, towards the end of his life Einstein did general 
field theoretical considerations about physics. The reason of the general field 
theory dream seems to be very simple as well as very complex. Namely, from 
the historical point of view, the man who gave contributions to theory of 
diffusion processes and explained unexpected difference between theoretical 
and experimental predictions in the photoelectrical effect of falling down light 
quanta on a metal, surprisingly gave simultaneously and practically in the 
same time the crucial investigation to contemporary thinking about gravita- 
tional phenomena on classical level as, i.e. he computed theoretical values of 
precession of the perihelion of Mercury and binding of light rays around the 
sun, and generalizes the Newton law of universal gravitation. These regions of 
scientific activity at first glance lie in the most far conceptual points, and are 
not connected by straight intellectual line. Can it be only a coincidence that 
these outermost points was present in the Einstein considerations? Maybe 
it is not obvious, but really it seems that Dr. Einstein discovered only the 
one universal true, namely that thermodynamics is an essence of all physics, 
because really thermodynamic effects are present on experimental level. 

In this manner also gravitation, by its obvious presence in Nature and 
deep physical consequences can be also considered as an thermodynamic 
effect. Really, the main goal of the Einstein vision was understanding that it 
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should be possible to describe geometry by thermodynamics. By this reason, 
thermodynamics realizes the concept of the general field theory searched by 
Einstein. 

In this paper we will derive some new realization of the Einstein idea. 
This is a mathematical way between a pseudo-Riemannian manifold given 
by spacetime of General Relativity, and thermodynamics of quantum states 
of this spacetime. Existence of this way is not obvious, and by this we propose 
to take into considerations the following point of view 

Conjecture. Gravitation determined by General Relativistic spacetime can 
be described as the effective quantum states thermodynamics. 

The realization of this conjecture is essentially contained in the idea called in 
this paper Thermodynamical Einstein's Dream. This idea is comprehend as 
some hypothetical way from the classical object that is a pseudo-Riemannian 
manifold defined by four dimensional spacetime metrics being a solution of 
the Einstein-Hilbert field equations of General Relativity, to generalized ther- 
modynamics of the Bose gas of quantum states of 3-dimensional space. The 
conception of space quantum states arises naturally from the canonical 3 + 1 
Dirac-ADM approach to General Relativity, that determines theory of grav- 
itation as an time evolution of 3-dimensional geometry of embedded space. 
Conceptually the thermodynamics realizes the quantum theory of general 
gravitational fields in the strict sense of general field theory. In this manner, 
this paper is devoted to give the new proposal for quantum gravity realiza- 
tion. 

Contents of this paper is as follows. First, we recall very briefly basic 
classical 3+1 approach to the Einstein-Hilbert General Relativity [2, 3] called 
geometrodynamics, that is studying of the splitting of 4-dimensional pseudo- 
Riemannian geometry into 1-dimensional time and 3-dimensional space, and 
interprets of General Relativity as time evolution of the embedded 3-space 
geometry. This canonical 3 + 1 Arnowitt-Deser-Misner approach to General 
Relativity [4, 5] leads immediately to the Hamiltonian secondary constraint of 
General Relativity given by some generalized the Einstein-Hamilton-Jacobi 
equation, that after application of the Dirac first quantization method [6] 
gives in the result the Wheeler-DeWitt equation and leads to the conception 
of the Wheeler's superspace [7, 8, 9] as the configurational space of General 
Relativity. The superspatial quantum equation of motion mathematically 
is the second order functional differential equation with respect to metrics 
of 3-dimensional space, and is commonly interpreted [9, 10, 11] as a kind 
of the nonrelativistic Schrodinger quantum mechanics in superspace for the 
Wheeler-DeWitt wave function that is a functional of embedded 3-space 
metric field. 
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However, by the relativistic character of General Relativity, in this paper 
it is proposed to reinterpret this equation not as nonrelativistic equation but 
as relativistic one, that is the Klein-Gordon-Fock equation for some abstract 
Bose field. It is demonstrated explicitly that in frames of 3 + 1 metric field 
decomposition one can get rid of the superspace metric from the Wheeler- 
DeWitt equation and to change differentiation from metrics of 3-dimensional 
space onto determinant of 3-metrics, and in result treat the Wheeler-DeWitt 
wave function as the one dimensional Bose field associated with a pseudo- 
Riemannian manifold of General Relativity by three dimensional geometry 
of embedded space. Some aspects of classical theory of the boson are de- 
veloped and discussed in this paper, deductions for the tachyon state, Dark 
Energy and cosmological constant value are included. The classical field the- 
ory is quantized by employing the second quantization in form of generalized 
canonical commutation relations agreed with general Von Neumann-Araki- 
Woods algebraic approach [12, 13] and the correct Fock space is builded. By 
nonlinear character of equations of motion in the Fock space, diagonaliza- 
tion procedure based on the Heisenberg operator evolution with using of the 
bosonic Bogoliubov transformation [14] is proposed, and in the result the 
fundamental functional operator Fock reper associated to initial data is ob- 
tained, where stable quantum vacuum state is naturally present. Quantum 
states of 3-dimensional space, called here Space Quantum States (SQS), are 
defined with respect to this static reper, and thermodynamics of the Bose 
gas of space quantum states is formulated by application of the one-particle 
density matrix method in this static basis. The SQS system is analyzed from 
point of view of one-point correlations of the Bose field, and thermodynam- 
ically stable phase of the system in the limit of huge number of quantum 
states produced from stable Bogoliubov vacuum is chosen as the correct in 
thermodynamical equilibrium sense. Fundamental thermodynamic charac- 
teristics are computed. The equipartition law is used to obtain a number 
of degrees of freedom in the classical limit of the Bose gas, and spacetime 
coordinates are interpreted as four thermodynamical degrees of freedom. En- 
tropy of the Bose gas of space quantum states is analyzed, and roles of initial 
data vacuum quantum states, and the Cold Big Bang of SQS from vacuum 
are discussed. In this manner the quantum theory of gravitation is realized 
as generalized thermodynamics of the Bose gas of space quantum states. 
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2 Hamiltonian 3 + 1 Quantum Gravity 



In this section we present some standard results which have a basic status for 
General Relativity and quantum gravity, and are need for further develop- 
ments of this paper. This is the Arnowitt-Deser-Misner canonical 3 + 1 ap- 
proach to a Lorentzian manifold given by a solution of the Einstein-Hiibert 
field equations of General Relativity and its Dirac's primary quantization 
that leads to the Wheeler-DeWitt equation and the concept of Superspace. 



2.1 The Einstein-Hilbert field equations 

General Relativity can be obtained from the four-geometry action with fixed 
on a boundary three-geometry [9, 15] 1 

%]= / *xy/=g{-\m + ^ + £\-\ I d 3 xVhK[h], (1) 
hi 16 3 J 3 J dM 

where (M, g) is a pseudo-Riemannian manifold [16] with a boundary (dM, h), 
h = det hij is 3- volume form, K[h] = TtK^ is traced the second fundamen- 
tal form, related to unit normal vector n l by = — V^n^) and called the 
extrinsic Gauss-Codazzi curvature (see e.g. [17]) of a boundary, g = det 5^ 
is 4-volume form, R[g] is the Ricci scalar curvature, A is cosmological con- 
stant, and £ is a lagrangian of all physical fields considered on a manifold, 
called Matter Lagrangian. By application of the Hilbert-Palatini variational 
principle [3, 18] with respect to the fundamental field g^ v to the action (1) 

%® - 0, (2) 

with boundary condition 

5S[g] U = 0, (3) 
one can obtain the Einstein-Hilbert field equations of General Relativity 

R 

Rimu - —g^u + AflfjB, = 37)^, (4) 
where is the stress-energy tensor 

_ 2 5(V=-gC) 



In this paper the units 8irG/3 = c = ft = fcs = 1 arc used. 
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R^v is the Ricci curvature tensor that is contracted the Riemann-Christoffel 
curvature tensor R^ au , and is dependent on the Christoffel affine connections 
Y p and their coordinate derivatives 

7~>A "pA "pA I "pA per pA per I v>\ 

■^fiau fiu,a (j,a,v ' act fiu au ficti \ u / 

Rnv = R^\u = r^Aa — x + r^ a r^ A — r^ A r^ a , r = g pl ' r^ (7) 

T % = (g^u + 9ffu.fi - 9nu,a) , (8) 

where holonomic basis [15] was chosen. 



2.2 3 + 1 General Relativity 



Let us introduce coordinate system chosen by the condition so that boundary 
space is a constant time t surface and write the spacetime metric field being 
a solution of the Einstein-Hilbert field equations (4) in the following way 

ds 2 



cj jj^i/dtX doc 



-N 2 dt 2 



h i:j (dx i + ITdt) (dx j + N j dt) 



(N 2 - NiN') dt 2 + Nidx'dt + Njdx j dt + h^dxK, 



(9) 



that actually is the Pythagoras' theorem between two points lying on two 
distinguish constant time (spacelike) hypersurfaces, and was firstly investi- 
gated by Arnowitt, Deser and Misner (ADM) [4]. By this four-dimensional 
metrics g^ v of the Einstein-Hilbert General Relativity Riemannian manifold 
in the canonical 3 + 1 ADM approach has the following form 



9fiu 
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fll' 



-N 2 + NiN' 
N 

1 

'N 2 

N" 1 



N 2 



W - 



N 2 



N 2 J 



h ik h kj = 6i, N l 
In this case the action (1) becomes 



h v N. 



3 5 



N 2 h, 



S[g] 



dt 



d 3 x \ iiN + ifNi + if'hu -NH - NH 1 



where 



H = Vh{(Kl[h}) 2 -(K 2 [h})l + R[h}-2A-6g} 
IV = -2n% = -2^ j -W l {2h jl , k -h jk)l )tf\ 



KiAh] 



2N 



Ni\j + Nj\i - ha , 



(10) 

(11) 
(12) 

(13) 

(14) 
(15) 

(16) 
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where (16) follows from the Gauss-Codazzi equations for embedded space. 
Here is the extrinsic-curvature tensor, g is the stress-energy tensor pro- 
jected onto unit timelike normal vector field 



1 N l 



n 



„ = [-N,0], n% = l, (17) 



to induced embedded 3-space 



1 N* N*N j 

g = itn v T^ = —Too - j^(T 0i + T i0 ) + 



and is the canonical conjugate momentum field to the field h 



ij 



A T 

ir ij = ^ = Vh (h ij Ki[h) - K lj \h}) . (19) 
Shij 

Time-preservation requirement [6] of the primary constraints [8] for (13) 

5L , . 

* = Jn~°> (20) 

= ^-«0, (21) 



leads to the secondary constraints 



H « 0, (22) 
£T » 0, (23) 

called the Hamiltonian constraint and the diffeomorphism constraint, respec- 
tively. The diffeomorphism constraint (23) merely reflects spatial diffeoin- 
variance of the theory, and dynamics is given by the Hamiltonian constraint 
(22). By using of the conjugate momentum field (19), the Hamiltonian con- 
straint (22) can be written in the equivalent form 

H = G ijkl ix ij it kl + Vh (R[h] - 2A - 6g) = 0, (24) 
called the Einstein-Hamilton- Jacobi equation [?]-[?]. Here 

Gijki = -h l l 2 (hikhji + huhjk — hijhki) (25) 
is called the Wheeler superspace metric. 



S 



2.3 The Wheeler-DeWitt equation 

The classical geometrodynamics is given by the Dirac-ADM Hamiltonian 
constraint (24) and can be quantized by direct application of the Dirac pri- 
mary quantization [6] 



i [**(*), Mv)] = \(5i5i + 5\8i)8®{x,y), 
i[n(x),N(y)} = 6<?\x,y), 



(26) 

(27) 
(28) 



that in result demands to introduce the canonical conjugate momentum op- 
erator in the form 



7T 



. 5 .5 



(29) 



and leads to the Wheeler-DeWitt equation 

5 2 



H^[h 



yj 



-Gijki 



h 1 ' 2 (R[h] -2A- 6g)j ^[h i:j ] = 0. 



(30) 
(31) 



Other first class constraints are conditions on the wave function ty[h] 

tt^[%] = 0, ^[hij] = 0, H^ihij] = 0, 
and the canonical commutation relations hold 

[7r(x)X(y)] = Hx),H%y)] = [vr*(x), W{y)] = [Ax), H(y)] = 0. (32) 
In result Hi are generators of diffeomorphisms x l = x % + 5x % [8] 

HJx a d 3 x 



dM 



-h ijtk 5x k - h kj 8x k i - h ik Sx h 



.3 ' 



7T 



i.) • 



H a Sx a d 3 x 



dM 



(llij5x k ) + 7T kj 5x l k + TTikSx 1 



k ) 



which can be expressed also as constraints commutators 



/ //,i.r). //,(//) = 
i[H{x),Hi{y)] = H5f{x,y) 



dM 
(3), 



(33) 
(34) 

(35) 
(36) 



dM 



Hdxid 3 x, / H5x 2 d 3 x 



dM 



H a (Sxi ta Sx2 — Sxi8x2, a ) d 3 x,(37) 



dM 



where Hi = hijH^ , and c? 's are structure constants of diffeomorphism group 

4' = 5 ?Pf& z ) - Sffifiv, z)S (3) (x, z) (38) 

Commutators (35-37) show the first-class constrained system property. 
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3 Bosonization. Global One-Dimensionality. 



Commonly the Wheeler-DeWitt theory (30) is interpreted in terms of the 
nonrelativistic Schrodinger quantum mechanics in configuration space of Gen- 
eral Relativity. This point of view seems to be misleading, the conception 
of superspace is rather mysterious mathematical creation than real physi- 
cal existence, and in this interpretation the Wheeler-Dewitt equation be- 
comes physically senseless. Indeed one can ask: Why primary quantization 
of relativistic classical field theory, that is General Relativity, must be non- 
relativistic Schrodinger quantum mechanics? From conceptual point of view 
it is completely unnatural to interpret quantization of relativistic theory as 
nonrelativistic one. Really this question is old and seems to have answer in 
Dirac's considerations - the result of classical field theory primary quanti- 
zation should be relativistic quantum mechanics that is also a classical field 
theory. This is unique correct conceptual way on classical field theory level. 
However, in spite of this famous fact previous investigations of authors was 
concentrated on studying the Wheeler-DeWitt equation (30) as a kind of 
nonrelativistic stationary wave mechanics. This quantum mechanical logics 
applied to quantization of the Einstein-Hilbert theory of gravitation is the 
most popular approach in the present state of quantum cosmology and quan- 
tum gravity (See, e.g., [9, 10, 11]). For example so called Loop Quantum 
Gravity and Loop Quantum Cosmology develop also quantum mechanics 
point of view. In result, in spite of beautiful philosophical as well as so- 
phisticated mathematical constructions and many promises to gravitational 
physics, description of quantum gravity in terms of nonrelativistic quantum 
mechanics did not give any phenomenological results that can be confronted 
with experimental data. 

By this reason in this section we will study the Wheeler-DeWitt equation 
(30) from some new point of view, that is relativistic quantum mechanics as 
well as classical field theory. Recall that we have begun our considerations of 
quantum gravity by studying of 3+1 decomposition of Lorentzian metric field 
of General Relativity, which means that actually we have considered some 
relativistic classical field theory after the Dirac primary quantization. From 
the famous candidates for the relativistic quantum mechanics equation it 
seems to be the best choice for this role the stationary the bosonic evolution, 
that is the Klein-Gordon-Fock wave equation. Indeed, the Wheeler-DeWitt 
theory is based on the second order differential equation in the superspace co- 
ordinate hij. However, it is some conceptual and formal problem to consider 
this equation with explicit presence of the superspace metrics Gijki- One can 
try to eliminate this refined tensor from our considerations and reduce 3 + 1 
Quantum Gravity to global one-dimensional classical field theory. 
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Let us consider the standard relation between functional differentials of 
4-metric field and 4- volume form (See, e.g., [15]) 

Sg = gg^Sg^, (39) 

where summation convention is assumed. By employing the 3 + 1 decom- 
position (10) one can determine the variations of contravariant metric field 
components 

5g 00 = -5N 2 • .Y'.YMV/,, • h.j.X'd.X' • luj.X-'d.V. (40) 
Sgii = Sh ij} (41) 
6g 0j = /,,/.Y ; • \'dh, r (42) 
5 9i0 = hijSW + N'Shij, (43) 

as well as the variation of 4-volume form 

5g = N 2 5h + h5N 2 . (44) 

So by using of covariant metric field components we obtain finally in result 
the formula 

N 2 5h = N 2 hh ij 5hij, (45) 

which establishes the global relation between 3-volume form and 3-metric 
field contravariant components. However, the relation (45) simultaneously 
allows to determine the functional derivative with respect to contravariant 
3-metric field as an object proportional to covariant space metrics with func- 
tional differentiation with respect to the scalar field that is the space metrics 
determinant (3-volume form) 

hh»± (46) 



Shij 5h 

Double using of this functional differential operator to the wave function of 
the Wheeler-DeWitt equation leads to 

5 -V[h} = hh ij -^- (hh kl ^\ *[h] = 



Sh^ Shu 8h \ 5h / 

and by direct computation of the variation of covariant space metrics with 
using by the relation (39) 

Sh* = 8±- = --^2, (48) 



hij (hi 
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we obtain as result 

h'j ( )l, : J h'J 

Sh " = ~T sh ~Jh = ~T' < 49 > 

that after application in the second term of (47) causes that two first terms 
vanishes and in result we obtain important for further development conclu- 
sion 

One can see now that really we have not to deal with the superspace metrics 
Gijki explicitly, namely the key relation (50) in result leads to the scalar 
beeing double contraction of the superspace metrics 

G m Wh kl = ^h- 1 ' 2 (h lk h 3l + h u h jk - h l3 h kl ) h^h kl = --ft -172 , (51) 

and by this the functional differentiation with respect to space metrics be- 
ing an origin of the Wheeler-DeWitt equation transits into the functional 
differentiation with respect to space metrics determinant with some scalar 
coefficient 

In consequence we conclude that the superspatial Wheeler-DeWitt equation 
(30) transforms by the following way 

{l 02 ^ + ^ {R[h] ~ 2A " 6g) } m = °- (53) 

This equation can be rewritten in form of the functional 1-dimensional Klein- 
Gordon-Fock equation for the classical massive Bose field ^[h] 

^ + m 2 [/ i ]|M/[/ i ]=0, (54) 

that lies in accordance with general relativistic character of the classical 
Einstein-Hilbert theory of gravitation. Formally one can understand the 
quantity 

^-(R[h}-2A-6g) = m 2 [h}, (55) 

as square of mass for the classical bosonic field ^[h], and build a quantum 
theory of the Einstein-Hilbert general gravitational fields as quantum field 
theory, where classical Riemannian manifold is an effect of the Bose gas. 
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4 Space quantum states 



The previous section was devoted to presentation of results for the quantum 
geometrodynamics treated in terms of the relativistic quantum mechanics 
defined by the Klein-Gordon-Fock equation (147) for the classical Bose field 
associated with the Einstein-Hilbert Riemannian manifold of General 
Relativity. In the present section we will construct quantum field theory of 
the considered Bose field by language of the Fock space of annihilation and 
creation operators. 



4.1 Canonical reduction 

Let us consider again the Klein-Gordon-Fock equation (147). Formally one 
can consider this Euler-Lagrange equation of motion as combination of two 
equations: the equation of motion for the canonical conjugate momentum 
field given by (151) and the constraint for the canonical conjugate momentum 
field that is (152). This system of equations can be rewritten in the reduced 
form, that is the first order functional differential equation as follows 



(56) 



5 






1 " 






6h 






-m 2 [h] 




IT* 



With using of the following abbreviated notation 

6 



5h 




(57) 



the reduced equation (56) can be presented in the form that is looks like 
formally to the Dirac equation 

(iTO - M£) $ M = 0, (58) 

where the positively defined mass matrix is determined by 



-1 

-m 2 



> 0. 



(59) 



However, in the considered case the matrices T M = [— £[2,02] create different 
the Clifford algebra than in the case the Dirac algebra 



(60) 
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where {, } are anticommutator brackets, I2 is 2-dimensional unit matrix, and 
O2 is 2-dimensional null matrix, and the metrics 77^ in this case is given by 



i] 



/.<!/ 



-1 




(61) 



that is agreed with 1-dimensional equation (147). 

Let us investigate the generalized second quantization of the reduced rela- 
tivistic quantum mechanics (58) by application of the Fock space of creation 
and annihilation functional operators. Note that the classical field theory 
Hamiltonian of considered system given by the relation (153) 



H[h] 



n|[/i] +m 2 [h}^ 2 [h] 



can be presented in the matrix form 

H[h] = [#,n* 



a [3 






7 5 







(62) 



(63) 



where a, (3, 7, 5 are some functionals of h, generally. From classical point 
of view the Hamiltonian (63) can be rewritten as 

H[h] = + Sill + jU^ + /Mil*, (64) 

with natural identification concluded from the form of the Hamiltonian (62) 

1 . 1 



a = §> 5 = |m 2 [/i], ^ = 7 = 0. 



(65) 



Let us build the second quantization of the reduced equation (58) based on 
quantization of the classical field theory Hamiltonian. 



4.2 Second quantization in the Fock space 

The quantization of the considered classical Bose field theory will understand 
in this paper in terms of the fundamental operator quantization of the re- 
duced Klein-Gordon-Fock field equation (58). This quantization, called the 
second quantization, that can be presented formally as the transition between 
classical fields and quantum fields operators as follows 



(66) 



14 



and applied to the reduced equation (58) gives as the result the following 
functional operator equation 



[iVd,, - M£) = 0. 



(67) 



According to standard rules of quantum field theory, the quantization must 
be constructed by application of canonical commutation relations that are 
agreed with quantum statistics that have the entrance relativistic quantum 
mechanical equation given in the considered case by the Klein-Gordon-Fock 
equation (147). Obviously, this is the Bose statistics, and in this manner we 
should apply the standard rules of bosonic quantum field theory thats are 
[22] 



[n*[ti},*[h}} 
\n 9 [ti],iiv[h]] 

mi*[h}} 



-i8{h'-h), 

0, 

0. 



(68) 
(69) 
(70) 



where [, ] are commutator brackets. From the quantum field theory point of 
view, that we want to construct here, the classical field theory Hamiltonian 
(62) must be quantized in terms of field operators, and in this case we should 
consider instead the classical Hamiltonian (63) more general quadratic form 



H[ti, h] 



mti],n*ih']} 



a[h',h] (3[h',h\ 
j[h',h] 6[h',h] 

^\h'}H^[h',h}^[h}, 



n*[/i] 



(71) 



and the formula (64) in this case has a form 
H[h',h] 



a [h', h]v[ti)v[h) +6[ti, /i]n*[/i']n*[/i] + 

y[h', h]Ily[ti}ty[h] +/3[ti, h]ty[ti]Ilv[h], 



(72) 



that by existence of the canonical commutation relations (68), (69), (70) is 
nonequivalent to the classical field theory Hamiltonian (63). Now we want to 
see directly that if we want to preserve in quantum field theory the classical 
form of the field Hamiltonian (63), i.e. 



H[h] 



Ul[h] +m 2 [h}V 2 [h} 



(73) 



where H[h] = H[h,h], then we must take into consideration the following 
identification 



a[h', h] 



8[ti, h] = -m[h'}m[h}, 7 [/i', h] = C, j3[h', h] = -C, (74) 
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where C is some constant c-number independent on h. Then from (72) we 
obtain directly 



H[h] 



Ul[h] +m 2 [h]* 2 [h] 



iCS{0), 



(75) 



where the last term can be omitted by c-number character. However, gen- 
erally the quantum field theory of considered boson has the following field 
Hamiltonian 



H[h] = &[h] 



1 

2 
C 



-C 

m 2 [h] 



*[h], 



(76) 



that is obviously nondiagonal. Because of, as it was seen in the relation (75), 
the constant c-number C does not play role in physics - it is only a choice 
of reference Hamiltonian value - one can put into computations the simplest 
case C = 0. Then the quantum field theory Hamiltonian (76) is diagonal, 
and moreover the demanded classical form of the quantum field Hamiltonian 
is preserved 

u[h] = n%[h] + m 2 [h}^[h] _ (77) 

In this manner we must not search for special diagonalizable basis, and we 
can directly apply to the system the Fock space quantization. 

We propose apply to the reduced Klein-Gordon-Fock equation (67) the 
following generalized fundamental operator quantization in the Fock space 
of creation and annihilation functional operators G*[h] and G[h] 



¥[h] 



2\m[h]\ y/2\m[h]\ 



\m[h}\ 



m[h]\ 



G[h] 
Gt[fc] 



{7i 



Let us note that this second quantization lies in strict accordance with the 
bosonic character of the equation (147), and also with the generalized alge- 
braic approach investigated in papers of Von Neumann, Araki and Woods 
[12, 13]. The principal canonical commutation relations (68), (69), and (70) 
are automatically fulfilled if the considered Bose system is described by the 
dynamical basis 03 [h] in the proposed Fock space construction 



X[h] 



G[h] 
&[h] 



[G[ti], G*[h]] =6{ti-h), [G[ti], G[h}} = 



(79) 
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so that the Fock space quantization (78) can be rewritten briefly as action 
of the second quantization matrix on the dynamical basis 



$[h] = ®[h]&[h], 



30) 



where the second quantization matrix can be determined directly as 

1 1 



^2 \m[h}\ y/ 2\m[h]\ 
\m[h]\ . /\m[h]\ 



Q[h] 



The quantum field dynamics considered from the point of view of the basis 
03 [h] is described by the Klein-Gordon-Fock equation (147) with application 
of the second quantization (80). By elementary calculations one can obtain 
that the /i-evolution of the basis 03 [/i] is governed by the following equation 
of motion 

1 5m [h] 



5<B[h] 
5h 



—im[h] 
1 5m [h] 



2m[h] 5h 
im[h] 



<B[h). 



(82) 



_ 2m[h] 5h 

Formally, this is nonlinear first order functional differential equation. This 
system of equations for the creation and annihilation functional operators can 
not be solved directly by application of the standard path integrals method, 
here the coupling between annihilation and creation operators is present in 
form of nondiagonal elements. Moreover, in the dynamical basis (79) we have 
to deal with some kind of global situation - by reference frame dependence of 
the quantum vacuum state, vacuum expectation values of the quantum field 
theory Hamiltonian (77) that in the dynamical basis has a following form 



H[h) = &[h] 



m[h] 



m[h] 
2 






m[h] 



03 [h] 



G*[h)G[h) + -8(p) 



33) 



can not be treated as correctly defined, by the dynamical character of the 
basis. For correctness we must build some static functional operator basis - 
in this type of basis, the vacuum expectation values can be determined by 
local status of the basis, and by this quantum field theory is no senseless. The 
recept to the similar evolutions is only one, unique, and unambiguous - this 
is diagonalization of the operator evolution to the Heisenberg canonical form 
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together with using of the Bogoliubov transformation agreed with canonical 
commutation relations. 

Let us apply the diagonalization procedure. Firstly, we take into con- 
siderations the supposition that sounds that in the Fock space exists some 
local basis where exactly the same canonical commutation relations between 
creation and annihilation functional operators are preserved 



G[h] 
G«[h] 



: [G'[ti], G'^h]} =8(h'-h), [G'[ti], G'[h}} = 0\. (84) 



This basis in our studies has the fundamental status, namely we suppose 
that in this basis the functional operator evolution (82) diagonalizes directly 
to the canonical Heisenberg operator evolution 



8<8'[h] 
5h 



-i\[h] 
iX[h] 



55) 



where X[h] is generally some functional of the evolution parameter. By using 
of the supposition that in the local basis are preserved the bosonic canonical 
commutation relations, one can deduce directly that the fundamental basis 
*B'[h] should be obtained from the dynamical basis 03 [/i] by some generalized 
canonical transformation in the considered Fock space, that is a rotation 
of basis determined by standardly defined the Bogoliubov transformation, 
which in the case of systems with Bose statistics has the following form 



05' [h] 



u[h] v[h] 
v*[h] u*[h] 



*B[h], 



(86) 



where the Bogoliubov coefficients u and v are functionals of h, and by rota- 
tional character of the bosonic Bogoliubov transformation these coefficients 
obey the Lobachevskiy-Gauss-Bolyai hyperbolic space condition 



\u[h}\ 2 - \v[h}\'' 



1. 



57) 



This can be checked by direct elementary computation that the proposed two- 
step diagonalization operator evolution equations procedure in result leads 
to demanding of vanishing of the functional X[h], but simultaneously transits 
a whole dynamical evolution from the operator basis onto the system of the 
bosonic Bogoliubov coefficients 



6_ 

6h 



u[h] 
v[h] 



—im[h] 

1 <5m[/i] 
2m[h] 5h 



8m[h] 



2m[h] 5h 



im[h] 



u[h] 
v[h] 
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By this the procedure leads to realization of the main aim of this construc- 
tion - namely this gives definition of the static operator basis that has the 
fundamental character; the static basis is completely determined by initial 
data problem in the Fock space, and is given by usual ladder operators 



<8'[h] = 23/ 



Gj,G\ = l,[G/,G/]=0 



39) 



Furthermore, by the static character the fundamental operator basis, this 
basis defines static quantum vacuum state given as 



|0)j={|0)j:Gj|0)j = 0, = 7 (0|G}} 



(90) 



and vacuum expectation values computed on this initial data vacuum state 
are well-defined by local status of the fundamental basis 23/. 

The functional differential equations for the Bogoliubov coefficients (88) 
can be solved directly by famous methods of linear analytical algebra based 
on the Cayley-Hamilton theorem. However, in the present situation we have 
very special evolution - actually the bosonic Bogoliubov coefficients can not 
be chosen arbitrary, by the fact that they are constrained by the rotational 
condition (87), and in possible solving method we should construct firstly 
some parametrization that lies in accordance with this hyperbolic constraint, 
and then to try solve the coefficients evolution equation (88) in this concretely 
chosen parametrization. It can be checked by direct algebraic manipulation 
that reverse conduct leads to bad-defined algebraical problem. By hyper- 
bolic view of the rotational condition (87) we suggest to use the very special 
parametrization of the bosonic Bogoliubov coefficients, so called the super- 
fluid coordinate system defined by the following transformation 



u[h] 
v[h] 



exp {^[/i]} cosh0[/i], 
exp sinh < 



(91) 
(92) 



Elementary algebraic manipulations lead to the system of functional differ- 
ential equations for the parameters 9[h] and (f>[h], that can be solved directly 
and the solutions can be written in the following form 



0[h] 



±mi 




m 2 [h] 



m 



In 



m 2 [h] 



m, 



Sh, 
mj = m[hi] 



(93) 
(94) 
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The interpretation of these solutions is obvious - the quantity 9[h] is inte- 
grated mass of the considered boson, and the solution <p[h] is logarithmic 
field associated with mass of the boson. By this the bosonic Bogoliubov 
coefficients (88) can be determined as follows 



u[h] 



v[h] 



2 eXP 



±imi 



1 



exp < ±imi 




(95) 



(96) 



We have a freedom in sign choosing of the phases, but we decide to choose 
the positive phases. Actually by definition of the coefficients u and v, we 
determinate the monodromy matrix G[h] that transits the fundamental basis 
23/ into the dynamical one %$[h] defined as 



&[h] =G[/*]Sj 



(97) 



that has the following form 



G[h] 




.(98) 



In this manner one can conclude directly that in the presented approach 
the quantum theory of gravitation is completely determined by the correct 
choose of the monodromy matrix between dynamic and static bases in the 
Fock space of creation and annihilation functional operators. By this reason 
in the Fock space formulation, quantum gravitation one can immediately un- 
derstood as the phenomena that is an effect of the choice of operator basis. 
The initial data basis 55/ is directly related with intial data of the creation 
and annihilation operators, and in this manner this has the fundamental 
status for description of physical phenomena - the monodromy matrix (98) 
consists whole information about dynamics of a space geometry of the Rie- 
mannian manifold given by a solution of the Einstein-Hilbert field equations 
of General Relativity (??). Moreover, one can see directly from the form of 
the monodromy matrix (98), that this fundamental quantity is completely 
determined by a quotient of two squares of mass for the Bose field - one taken 
in the initial point, and the second taken in the current evolution point. By 
this reason, actually this quotient of squares of mass has the fundamental 
physical meaning for the quantum theory of the considered Bose field. 
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4.3 Quantum bosonic field. One— point correlations. 

The field operator <&[h] which is directly associated with a 3-dimensional spa- 
tial part of the Einstein-Hilbert Riemannian manifold of General Relativity, 
and represents a spacetime in terms of bosonic quantum field theory can 
be concluded immediately as an effect of transformation of the fundamental 
static initial data basis by directed action of the monodromy matrix G[h] 
and the second quantization matrix Q[h] as follows 

&[h] = Q[/i]G[/i]Q3/. (99) 

In this manner by multiplication of matrices Q and G given by the formulas 
(80) and (98) the bosonic field operator associated with a spatial geometry 
of spacetime can be concluded in the form 

This field operator is formally hermitian operator 

= (101) 
and acts on the static vacuum state by the following way 

Linear algebra gives the theorem that states that eigenvalues of operator 
function are given by functions of the operator eigenvalues, and in considered 
case it particularly allows to define the multifield quantum states 

<*™"i°>' = (vfe\§f' 9, " , ) G! " |0> " (104) 

r(0| (**[>»'])"' = ,<0]GJ* (^^- f ^j , (1 0B) 

where n' and n are natural numbers, and h! and h are determinants of space 
metrics and characterize quantum state of spacetime given by a metrics with 
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(102) 
(103) 



space part described respectively by h' and h^. We will these states as 
space quantum states of a spacetime and for shortness we will note these 
states as 

mh]T\0)i = \h,n), (106) 
7<0| (&[ti]) n ' = (n',h'\. (107) 

Generalized two-point correlation functions of two space quantum states can 
be determined immediately as 

(n'+n)/2 i( n 'e[h']-ne[h]) 

(n', h'\h, n) = J - , n rr „ r , 1N I <OlG? , Gt w 10)i. (108) 
By normalization to unity the initial data correlator 

(l,fe J |/i Jj l) = -^- J <0|0)j = l, (109) 
one can determinate the vacuum-vacuum amplitude as 

7(010)7 = 8772,, (110) 

and simultaneously it can be treated as the definition of initial data mass 
mi. Especially interesting for further developments correlators are 

2 

(l,h\h,l) = -JfjTT, (HI) 

rrr [h\ 

(n',h\h,n) = [^^) e - i <»'->W J <0|G?'G5»|0>,, (112) 

(l,fc'|M> = ^ exp (z / mfc'W'j, (113) 
m[fc']ra[fc] [ J h , J 

n,h'\h,n) _ { (l,ti\h,l)\ n 



7(0|0)7 V /<0|0)j 

where in calculations of vacuum expectation values was used the identity 

7(0|G?G{"|0)7 = 7(0| (G7GJ)" |0)7 = 7(0| (1 + GIG7)" |0)7 = 

n k n k 

= r(0\J2CZ |0)7 = £Cfr<0| (g}G,) |0), = 



fc=0 fe=0 

C "7(0|0)7 = 8m 7 , (115) 
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Til 

with Cu = tt7 7TT being the Newton binomial coefficient. The correlator 

k k\{n-k)\ 

(111) is basic, naturally one can find from (108) that 

k l h in)/2 = h'\h', i)n e -^^, B [^, M j(0 |G?' G}"|0) J; (116) 

7 (0|0)} + J/ 

where 



0„/ ,„[/&', h] = ri 



5h" 



hl y/(l,h»\h",l) J hl y/(l,h»\h»,l) 



Sh" 



;ii7) 



For example one can directly define the two-point correlator (113) in the 
following way 



(1, h'\h, 1) = y/(l,h'\h',l)(l,h\h,l)exp \ irm 



5h" 



h> y/(l,h»\h",l) 



(118) 



or by application of the functional Taylor series expansion of the integral in 
exponent of the last relation 



h rill °° in 

= ^^ = = y K n [h, /i> 7 ]^-(i, h\h, i) 

hh"\h"A) ^ L ' J 5/i" V 1 1 



119) 



hi 



y/(l,h»\h",l) % 

with the functional coefficients 



the considered two-point correlator becomes 



(i, h'\h, i) = vPlMPM) n E 

n=0 p=0 



(l,fc|M) 



(121) 

where for shortness = im,iK n [h, h'\hj\. 

Let us consider in detail the one point correlator (111). Firstly let us 
note that by application of the correlator (111) the bosonic field (100) is 
immediately determined by this one-point correlator in the following way 



9[h] = ^ V / PM) (e-^Gj + e w ^G\) , 



(122) 
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and by this it gives also the self-interaction 

[l,h\h,l) 



&[h]*[h] 



■<0|0>j 



-2i9\, 



G/ + G}) G/ + /i.e. 



(123) 



where h.c. means hermitean conjugation. From the other side by using of 
the square of mass definition (55) one can obtain the relation 



3h 



(R[h]-2A-6g) = m 2 [h] 



m, 



r(0|0>? 



(l,h\h,l) 64 (l,/i|/i, 1)' 



(124) 



that can be interpreted as the other definition of the one-point correlator by 
basic geometrical quantities associated with 3-dimensional space metrics 



<i 1 fe|M) 

/(0|0)/ 



h 



128 R[h] -2A-6g 



•(0|0)/. 



(125) 



Also the Dark Matter energy density (202) can be expressed immediately by 
this correlator 

3^ /(0l0)f ri9fi , 

PDM ~ m(i,h\h,iy (126) 

Moreover, as it was noted in the previous subsection the monodromy matrix 
(98) is immediately determined by the quotient of squares of mass, that is 
really the one-point correlator by the formula (111). In this manner the 
monodromy matrix (98) is really dependent on the one-point correlator in 
the following way 



G[h]- 



y/(l,h\h,l) + le-^ 


I y/(l,h\h,l) -le i6 W 


</(hh\h,l) 2 


</(l,h\h,l) 2 


y/(l,h\h,l) -l e -^ 


I ^(l,h\h,l) + le i0 W 




i/(l,h\h,l) 2 



(127) 



where according to the definition (93) and with accepted sign, the phase is 
equal to 



9[h] =m I y/{l,h\h,l)5h. 
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Similarly the second quantization matrix (81) can be completely determined 
by the considered one-point correlator in the following way 



Q[h] 



V2rrTi 
I mi 



</(l,h\h,l) 



I mi 



l 



2 ^(1,^,1) V 2 y(i,h\h,i) 
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(129) 



Note that in the previous section we obtained the relation for square of mass 
(182) by the coefficients a's 



m 2 [h] 



1 



/ 



(h - hjf 

«2 



+ 



o 2 



h — hj 



\ 



+ 2 



h — hi 



V h-hj 
1 



a\ + 2ai 



(h - hi)' 



a 2 



a 2 



a 



(h — hi) 2 a 2 h — hi 



(130) 



h — hi 

and by this the correlator (111) can be determined now by the following way 



(l,h\h,l) 
i(0|0>| 



1 

64 



1 



/ 



(h - hif 



a 2 



h — hi 



\ 



V h-hj 



a\ + 2«i 



a 2 



h — hi 



a 2 



(h - hi)' 



a>2 



+ 



{h — hi) 2 a 2 h — hi 



(131) 



h — hi 

that for case of constant energies of the rang e according to (192) becomes 
(l,/i|/i,l> (h-hi) 2 e 2 (h-hif + Ae(h-hi) 2 + A(h-hi) 



7 (0|0)2 64 3e 2 (h-hi) 3 + 8e(h-hi) 2 -A(h-hi)-Ae 

and in the tachyon limit we obtain 



, (132) 



(l,h\h,l) 
hm — , , . o 
— o ,(0(0)2 



64^-^ 



(133) 



The one-point correlation function (132) can be interpreted as the informa- 
tion source on quantum stable states of the considered Bose system. Namely, 
as it is common accepted in research on similar situation in particle physics, 
one can consider the poles of the correlator with respect to the variable h—hj. 
The poles are given by zeros of the correlator (132) denominator 



3e 2 (h - hi) 3 + 8e(h - hi) 2 - A(h - h T ) - 4e = 0. 



(134) 



This is the third order polynomial equation, and generally this kind of equa- 
tions has three roots - two complex and one real. Let us consider only the 
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real root, because it is the stable state only. By elementary algebraic meth- 
ods of the Galois group, one can obtain that the real solution of the equation 
(132) is given by 

u . 8 50 

k ~ kl = ~¥e + I + 

9e W _ us + 9V3J-7 - 59s 2 + ^e 4 

^/-944 + 486e 2 + 18^3^-112 - 944e 2 + 243e 4 
+ ^ • (135) 

This solution has a little bit complicated form, but we can exchange these 
some complex solution by the following recept. Namely, we know that the 
real solution is only one, and by this one can use the parametrization of the 
constant e, related with h — hj by the inequality (193), by the following way 

e = 9 hh;> (136) 

where is a number, that by the formula (193) must fulfills 

|0| < 1 =^ -1< < 1. (137) 
With this supposition the formula (132) can be expressed as follows 

(i,h\h,i) f(hh\h : i)\ (9 + i) 2 (h-h I ) 2 



7 (0|0) 2 V /(0|0>? J e=0 29 -(30 2 + 40 -l^h-hr) 
where the correlator 

(l,h\h,l)\ {h-hj) 2 



(0|0) 2 J e=0 64 



(139) 



is identified with tachyon state. The real and positive pole of (138) is deter- 
mined by very simple relation 

" - = + (140) 

In this manner, by using of the regularization (136), actually one can consider 
the relative correlator 

<i,*im> (9+mh-hj) 2 



{(l,h\h, l» e=0 20 - (30 2 + 40 - l){h - hjf ' 
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where the vacuum-vacuum amplitude was absorbed by reduction. This cor- 
relator expressed in units for which the square of the tachyon mass is equal 
to minus unity, i.e. for 



becomes very simple 



(hh\h,l) \ 1 + 9 



(<1,*|M>W 1-30' 

and we see that this reduced one-point correlator has the real pole for = -. 

The Figure (1) presents graphics of this one-point correlator as a function of 0, 
and the one-point correlator (141) as function of the argument h — hj for some 
values of e (—1,1). Because we have to deal with one-point correlation 
function of the quantum bosonic field \P determined on the configurational 
space of General Relativity that is the superspace, where the point means 
some concrete compact 3-geometry, the poles of the one-point correlator (143) 
have an interpretation of free stable states of the considered quantum field 

theory. By this the point = — localizes the quantum stable state, and in 

this manner the quantum stable state can be identified with the quanta of 
gravity, i.e. with the graviton. Generally the graviton is detected in the 
superspace points h that fulfill the relation 

20 

h-hj = — , (144) 

1 30 2 + 40 -l' K J 

and are presented on the Figure (1) in the part (b) by points where the 
correlator has singularity. In the tachyon limit = the pole value of h — hj 
(144) becomes 

(h - /i/) e=0 = 0, (145) 

and by this in the point h = hi is localized graviton in the tachyon limit. It 
is interesting that in the point 

At 9 

6 = 6^ = w 0.2152504370, (146) 

3 

stable quantum state can not be detected, as it is presented on the Figure 
(2). 
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Figure 1: Graphics of (a) the normalized relative correlator (143) (b) the 
correlator (141) (vertical function of the argument h—hi (horizontal 

axis) for some values of 9 G (—1,1). 
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Figure 2: Dependence of the argument h — hj from the parameter 9 for that 
the graviton is localized. 



5 Classical bosonic embedded space. Tachyon. 

Let us consider now some aspects of the classical Bose field ^f[h] introduced 
in the previous section. We are not going to resolve the equation (54) again, 
but analyze some structural elements of the relativistic quantum mechanics 
described by this equation, especially the square of mass (55) by its direct 
connection with 3-geometry of spacetime. 

5.1 Field mass by its energy 

The relativistic wave equation obtained in the previous section 



from classical point of view describes some one- dimensional classical particle 
with mass dependent on the point hij in superspace characterized by its 
determinant h. In the case of the mass independent on the superspace point, 
this equation has a very well known solution in terms of plane waves, but in 
the general case, i.e. for nonconstant mass, this equation is not very simple 
for direct solving. Plane waves are not a solution in this case. However, 
we are not going to concentrate our considerations on search for general 
classical solutions of the equation (147), but in the next sections we will try 




(147) 
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to construct a second quantization of this equation, that is independent on 
classical field theory solution. In this section we will discuss classical field 
theory that gives the equation (147) as the classical Euler-Lagrange equation 
of motion. Obviously, because of we have to deal with the Bose field, in this 
section we will consider some theory of the bosonic string. 

Firstly, let us consider the equation (147) as the classical Euler-Lagrange 

6V[h] 



equation of motion obtained by some field theory lagrangian L 
according to the system of equations 
Sn*[h] d 



*[h], 



5h 



d 







6V[h] 
5h 



L 



L 



5h 
5h 



0. 



0. 



Sh 



148] 



(149) 



where ILj[/i] is canonical momentum conjugate to the classical field &[h]. 
Standardly, one can construct the Lagrangian by field theory action func- 
tional S[^f] directly by using of the equation of motion (147) in the following 

way 



- / 6h&[h] 



9[h] 




5V[h] 
Sh 



m 2 [h]^ 2 [h] 



m 2 [h]V 2 [h] 



ShL 



*[h] 



6V[h] 



Sh 



(150) 



where we have applied integration of full divergence, and W[h] = ^[h]. This 
means we have to deal with the classical field theory given by the Euler- 
Lagrange system of equations in the form 

SU 9 [h] 



Sh 



m 2 [h]ty[h] 



IL 9 [h] 



5V[h] 
Sh 



0, 



0. 



(151) 
(152) 



The classical field theory Hamiltonian can be constructed immediately from 
the Lagrangian (150) by application of the standard Legendre transformation 
[20] between Hamiltonian and Lagrangian of the classical dynamical system 



H\n 9 ,V] = U 9 [h] 



Sh 



V[h] 



6V[h] 
Sh 



IL%[h] + m 2 [h]^ 2 [h] 



(153) 
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that for fixed mass m[h] describes ellipse in space (H [11$, 11$, II). The set 
of these all ellipses lies on paraboloid parameterized by continue parameter h. 
Direct using of the momentum constraint (152) and the fact that really the 
Hamiltonian (153) can be treated as functional with respect to the evolution 
parameter h of the equation (147), i.e. H[U^[h},^/[h]] = H[h], allows to 
rewrite the classical field theory Hamiltonian (153) as the definition of mass 

m 2 [h]* 2 [h] = 2H[h] - (^^j , (154) 

and after simple elimination of the square of mass by using of the equation of 
motion (147) this leads to the functional differential equation for the classical 
field V[h] 



Sh 2 1 1 \ Sh 

which after collecting terms leads to the following relation between the field 
^[h] and the Hamiltonian H[h] 

6 fW%h])=2H[h]. (156) 



Sh V Sh 

So, presently one can be integrate the last equation directly with initial value 
of h taken as hi. In result we obtain 

rh rh' 

q 2 [h] =4 / Sh' / Sh"H[h"l (157) 

J hi Jhi 

and by this the solution of the classical wave equation (147) can be for- 
mally accepted as the functional ^f[h] = (\l/ 2 [/i]) 1 ^ 2 . From the other side the 
equation (155) can be integrated into the form 

= 2 f Sh'H[h'], (158) 

Jhi 

which combined together with the solution (157) fixes values of the canonical 
conjugate momentum n$[/i] with respect to values of the classical Hamilto- 
nian H[h] in the following way 

f h h 5h'H[h'} 

n*[fc] = ^ -m . (159) 

&5h> Sl5h»H[h»^ 
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Taking into account the basic relation for the classical field theory Hamilto- 
nian (153) one can obtain by direct algebraic manipulation 



m 2 [h] 



2H[h] f U 9 [h] 



or by employing the relation (158) 

2H[h] (2j^Sh'H[h'} 



(160) 



m 2 [h] 



V 2 [h} 



(161) 



By treating this relation as a constraint that fixes mass value and by applica- 
tion of the solution (157) one can determine easily the dependence between 
field mass and its energy values 



m 



1 
1 



2H[h] 



r hl 6h' r hi 5h» H [h»] v j hI w r hl otm 



(162) 



In this manner, the classical field theory of the Bose field ^f[h] can be studied 
in terms of values of its square mass in dependence on values of the classical 
field theory Hamiltonian. 
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5.2 Perturbations, cosmological constant, Dark Energy 



The last formula (162) determines fundamental relation between the square 
of mass of the considered boson and the classical field energy distribution. 
By using of the definition (55) one can consider this relation in terms of the 
constraint 

2 



3h 



(R[h] -2A- 6g) 



2H[h] 



t 6h' t Sh»H[h"\ \ Si Sh> f h h ; 5h»H[h»] 



(163) 

that fixes values of the normal to the boundary space component of the 
stress-energy tensor g on 

rh x 2 



Q 



h 

16 



2H[h] 



+ 



+ 



(164) 



. S hl Sh' f hl ™>H[h»] J ! n hl M L] 5h»H[h»] 
R[h] A 
~6 3' 

and by positive definiteness of the classical energy density can be used to 
determine an upper limit for the cosmological constant 

rh x 2 



A < 



R[h] 3h 



2H[h] 



(165) 



X 5h ' f hI 5h " H W J f hI 5h ' f hI 5h " H M 

Let us define the mass groundstate of the classical field theory presented 
above by the following condition 

H[h!\ =C8(h'-h), H[h] = 0, (166) 

so that the constant C — > formally, here 5(h' — h) is the Dirac delta function. 
For so defined groundstate the first term in the square of mass (162) vanishes 
automatically, and the second term gives finite contribution to the square of 
mass 

( C x 2 

mg[li] = m 2 [h] 



;roundstatc 



C(h-h!) 



1 



4 (h - 



(167) 



This number is negative for all values of h and by this relation describes 
formally the tachyon, that is the fundamental excitation of the bosonic string 
[21]. For the considered groundstate are fulfilled the following relations 

1 h R[h) A 

" 3' 



Q 



(o) 



A < 



16 (h 
R[h] 



1 



6 



h 



16(h-hj) 



(168) 
(169) 
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If we demand additionally that for the initial metric hj the classical boson 
field should have a some finite mass mi then the formula (173) should 
be renormalized as follows 



m 2 [h] = — —-5, (170) 



h — hi 



2 

111] 




so the initial square of mass should be huge for correctness 77 = 

For the field ^[h], we conclude from the basic relation (157) that in so defined 
mass groundstate the classical field ^>[h] is 



*[h] = 2y/C(h-h!), (171) 

and in this case the phase space (Hy, \I/) determined by the relation (158) is 
given by a family of hyperbolas 



2(1 / C 

n *M = W] s V FHS- (172) 

or simply by the condition that the product of phase space variables is the 
first integral of the considered classical field theory II^|7i]\]/[7i] = constans. 

For all constant, but nonzero values of the classical field theory Hamilto- 
nian H[h] = H ^ 0, the square of mass vanishes identically 

m 2 [h] = 0, (173) 

H[h]=H 

and these states are massless excitations of the bosonic string, by fact that 
here H Q is arbitrary constant, number of massless states is continuum. For the 
massless states we have simplified relations for normal stress-energy tensor 
and cosmological constant 

R[h] A R[h] 

g=^- , A<^^. 174 

e 6 3' ~ 2 v ; 

However, presence of massless states in the theory means that fi 2 = 0, what 
is unphysical mass scale value by \i > 1. 

From the string theory point of view the tachyon state is treated as mass 
groundstate of the considered theory of bosonic string. One can generate the 
process of symmetry breaking in frames of the perturbational calculus with 
respect to the classical field theory Hamiltonian H[h]. Namely, in the most 
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general case, one can imagine that an arbitrary mass state of the consid- 
ered bosonic string, and as the context suggests arbitrary metrics of General 
Relativity, is generated by small deviation from the tachyon state. Let the 
deviation is an arbitrary functional so that SH[h] <C 1, then deviation from 
the groundstate of the classical Hamiltonian given by 

H[h'\ = C5(h' - h) + 5H[h% H[h}=5H[h], (175) 

leads to perturbations from the mass groundstate in the form 

m 2 [h] = m 2 [h] + 5m 2 [h} 1 (176) 

where the term Sm 2 [h] describes the full contribution to the square of mass 
from the perturbation and breaks mass groundstate directly. Let us assume 
that the term has a form of the series 

oo 

Sm 2 [h] = Y^S {n) m 2 [h] = 5 w m 2 [h] + 5^m 2 [h] + 5 {3) m 2 [h] + . . . , (177) 

n=l 

where the partial terms S^m 2 [h] consist all corrections taken up to the fc-th 
order in the perturbation 5H[h] of the classical Hamiltonian. By introduce 
of shorten notation 

a = a [h] = (178) 

oi = oi[A] = / Stia [ti], (179) 

J hi 

a 2 = a 2 [h] = [ 5h' ai [h']= f Sh' f Sh"a [h"}, (180) 

J hj J hi J hi 

one can check easily by elementary computation that the /c-th contribution 
to the series (177) has a following form 

+ (-ir' gg^i+g^^ , (i8i) 

and by this the series (177) can be summed immediately, so that the full 
result for the square of mass (176) can be determined by dependence from 



35 



the parameters a's 



m 2 [h] 



4(h-hi) 2 

1 a 2 
2h-hj 

a 2 



+ 



/ 1 a 2 \ 
2h-hi 



«2 



V 1 ' h-hj 
1 

+ 



(h - hjy 



Oil 



a a 



(h-hj 



a 2 h — hi 



+ 



182) 



h — hj / 

and the parameters can be treated as free parameters of the theory. 
5.3 Tachyon 

From the relation (182) we see explicitly that if a's are constrained by the 
following system of equations 



1 



a\ + 2ai 



(h - hj) 



O 2 



«0 



&0 



(h — hi) 2 a 2 h — hi 








183) 



then we have to deal with the tachyon state - in this case the square of 
mass is negative and equal to the first term of this formula. The system 
of equations (183) can be solved directly, in result we obtain the relations 
between a's 



a 2 



±Jl 



1 + a (h - hi) 
a (h — hi) 2 



- 1, 



1 + a (h - hi) 



for both ot\. 



;i84) 
;i85) 



By this the tachyon, which is the mass groundstate of the considered bosonic 
theory, can be completely determined by arbitrary value of ao and connected 
with this value the functions a\ and a 2 determined by relations (184) and 
(185). One can see easily that this system of equations leads to the surface 
T in space of parameters (a , «i, a 2 ) given by the set of points 



T 



(a ,ai,a 2 ) G R 3 : a 2 (a ,a 1 ) 



(ao + 2ai + a\ 



2^2 



ag (2ai + a\) 

that describes tachyon state in this space, see Figure 3. 



;i86) 
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100 100 




Figure 3: Tachyon state in space of parameters (a ,«i,a 2 ): ^he P ar ^ ( a ) 
presents large scale view of the surface (186); the part (b) presents the surface 
in neighborhood of the point (0, 0, 0). 
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Consider the case of the constant perturbation e that is very small in 
comparison with C 

\l Sh'SHlh'] e 

— h — = - F =e<l. (187) 

fi z 6h'H[h<\ C 

Then by direct combination of the relations (178), (179), and (180) we obtain 



Of) 

OL2 



(h - hi)e, 
(h-hj) 2 



2a c , 



and in this case 
8 (k W[h] 



k-2 



2 k 



2k + 4 



2k 



(h-fl! 



so, the sum (176) can be calculated directly 



m 2 [h] 



1 



+ 



As e(h - hi) 3 + 3{h - hi) 2 - 1 



(h-Iu) 2 (h-h I ) 3 e 2 (h-h I ) 2 + 4e(h-h I )+4- 
where the small constant e is chosen according to the condition 

2 

£ < 



\h — hA 



(188) 
(189) 

(190) 



(191) 



(192) 



(193) 



It is clear now that tachyon state is obtained by the limit e — ► 0. 

Equivalently one can treat the square of mass (176) in terms of power 

series in the function 



h — hi 



m 



n=0 



a n [h; h T ] 
(h - hj) 7 



(194) 



where the coefficients a n as functions of (178), (179), and (180) are functionals 
of h and initial data described by hi, and they can be directly written in the 
compact form 

a n [h; hi] = (-l) n { [2a a 2 - (1 + «i) 2 ] G[n] - 2na a 2 } a^ 2 , (195) 
where G[n] is the step function defined as 



G[n] 



0, for n < 1 
77. — 1, for n > 1 



(196) 
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By using of the main relation for the square of mass (55) 
m 2 [h} = ^-(R[h}-2A-Q 6 ), 
one can obtain by direct comparison with the power series (194) the relation 

(197) 



3h 



n=0 



that can be treated as a definition of the stress-energy tensor g projected 
onto normal vector field to boundary 3-dimensional surface as 



g^h] - R ^ - — - - a n[hhl 



6 



4 ^ (h - hj) 1 

n=0 



This energy density is positive iff 

R[h] 3h ^\ a n [h;hi] 



A < 



4 ^ (h-hrY 

n=0 v 11 



(19* 



(199) 



and this actually defines an upper limit for the cosmological constant A. 

One can view on the relation (197) by different point of view. Namely, 
when we rewrite this formula in the following form 



A (fl[fc] _ 2A _ 6e) _£-M£] =0 



n=0 



(h - hi) 7 



(200) 



then we see that this suggests redefinition of the energy density by the way 

T DM = Q + PDM [h], (201) 

where 



PDAl[h] 



h ^ a n [h; hj\ 

n=0 



(202) 



can be interpreted as a density energy from Dark Matter fields. Equivalently 
one can determine the Dark Matter density energy (202) by application the 
relation (182) as follows 

/ a 2 \ 2 

1 



pDM[h} = 

lb 



+ 



h — hi 



h — hi 



1 + 



tt 2 

h — hi 



\ h-hj 
1 , a 



1 



+ 



[(h-hiY 



a\ + 2ot\ 

«2 



(h — hi) 2 a 2 h — hi 



(203) 
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that for constant energies becomes 

Pmi[h] ~ 4(h- /i 7 ) 3 e 2 (h - hi) 2 + 4e(/i - /i 7 ) + 4 ' (2 ° 4) 

By direct resolving of the equation (200) with respect to the cosmological 
constant A one can determine the cosmological constant as the quantity 
dependent only on scalar curvature of boundary 3-geometry, and summarized 
energy density of normal Matter fields and Dark Matter 

A^W- 3rD ". (205) 

In this manner, the Einstein-Hilbert action that is the second integral of (1) 
takes the form 

Seh[q] — ► S M+DM [g] = J d A x^f^g + C m +dki^ , (206) 

where Cm+dm is the total lagrangian of Matter fields and Dark Matter 

£M +M f = £ + ?-^, (207) 
o 2 

with C as the Lagrangian of Matter fields. Moreover, by constant value of A, 
with Dark Matter contribution, the General Relativity field equations (??) 
presently are 



\R[h] -\{Q + PDAi[h}) 



where T^ v is the stress-energy tensor of Matter fields. 

One can consider the case when we have to deal with vanishing cosmo- 
logical constant A = 0. In this case, from the relations (205) and (201) we 
directly obtain that stress-energy tensor projected onto normal field vector 
has a value 

\miQ\h\ = ^- PDM [h], (209) 

A— »0 o 

that for small energies becomes 

R[h] h e'jh-hjf + e^h-hj) 2 -!} 

= T - 4 (fr-fe,)3 e 2 (h- hl y + 4e(h- hl ) + 4 ' (210) 

and in the tachyon limit takes the value 

lim lim g[h] = (211) 
e->0 A- >o 3 
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By this the Einstein-Hilbert field equations of General Relativity with Dark 
Matter existence (208) in the case of vanishing cosmological constant within 
the tachyon limit are simply 

Rimu = 3 {t^v — > (212) 

but the tachyon state in the neighborhood of zero in the space of parameters 
(cto> a i; tt 2) with nonzero cosmological constant is described by completely 
other field equations 




(213) 



Perturbation calculus ideas presented above, completely describe the classical 
field theory (147) in terms of the spontaneously breaking of mass groundstate 
of the bosonic string with respect to the field theory Hamiltonian (153). 
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6 Quantum gravity by thermodynamics 



The last section was devoted to presentation of the quantum theory of the 
Bose field *&[h] based on the quantization in the Fock space of creation and 
annihilation functional operators, and proper choice of the initial data ba- 
sis. This approach led us to notion of space quantum states associated with 
three-dimensional spatial part of a Riemannian spacetime classically treated 
as a solution of the Einstein-Hilbert field equations of General Relativity. 
Furthermore, as the main result of our studies of the one-point two-field cor- 
relator real poles of the bosonic field &[h] we have obtained a localization of 
the stable quantum states of the quantum field theory that can be interpreted 
as the quantum particle of generalized gravitational fields - the graviton. 

In this section we will investigate thermodynamical description of the con- 
sidered bosonic statistical system. We will use the density functional method 
in order to formulation of equilibrium statistical thermodynamics of many 
space quantum states. Actually, it is the last step of the Thermodynamical 
Einstein's Dream, that is the main motivation to this paper. 

Let us try to create thermodynamical picture that arises from the pre- 
sented quantum field theory. When we build thermodynamics, we should use 
the simplest rules of statistical physics, that in some sense give the general 
information about the considered physical system. In usual thermal situa- 
tions in physics, we have to deal with some concrete set of possible physical 
states, and we try to construct statistical description of the system by using 
of ensemble that given the prescription for averaging procedure. Generally 
in real physical systems we have to deal with the only one classical statistics, 
i. e. the Boltzmann distribution, and in case of quantum states of the Bose 
systems with the Bose-Einstein statistics, and in case with Fermi particles 
with Fermi-Dirac statistics. Furthermore, the real systems are no isolated 
and open, so interaction with environment is inevitable. Let us consider the 
situation of the concrete system as is the system of space quantum states of 
a spacetime. By quantum character of the set we have to deal with quantum 
statistics, in the considered case the quantum mechanics, that is classical 
field theory, is described by the Wheeler-DeWitt equation in form of the 
Klein-Gordon-Fock evolution equation (147). Naturally, this is the Bose 
system, and we should describe statistical properties of the system in frames 
of the Bose-Einstein statistics. Moreover, by its Nature the system is open 
and no isolated, but we have proposed the diagonalization procedure and this 
framework generates the fundamental static operator basis in the Fock space 
associated with initial data of the system. Actually, this initial data basis 
also defines the thermal equilibrium state, and generalized thermodynam- 
ics of the set of space quantum states can be investigated from this point 
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of view. Let us consider the thermodynamics of space quantum states as 
quantum theory of general gravitational fields. 

The initial data basis (89) gives an opportunity to introduce a notion of 
the thermodynamical equilibrium state in the statistical ensemble of many 
space quantum states that are some generalized quantum particles of the 
classical Einstein-Hilbert Riemannian manifold of General Relativity. Es- 
sentially, the fundamental static operator basis 23/ is given by creation and 
annihilation operators in the Fock space of the quantum field theory. It 
means that initial data are directly jointed with static description of the en- 
semble, and from the point of view of the fundamental basis the set of space 
quantum states is isolated and no open system, and can be characterized by 
usual thermodynamical description. By this from conceptual side of ther- 
modynamics as the only theory between quantum field theory and statistical 
mechanics, and from as logical well as ontological points should be possible to 
obtain the statistical characterizations of the space quantum states system. 
In the context of this paper the following supposition seems to be the most 
natural 



Let us study this generalized thermodynamics and its physical aspects. 
6.1 Density matrix 

We will investigate here thermodynamical description treated as one-particle 
approximation of density operator. In real physical systems, as for example 
for photon gas or the system of free electrons, this is sufficient approximation 
to obtain satisfactory accordance with experimental data. The one-particle 
density operator is standardly given by occupation number operator of quan- 
tum states. For the considered case the quantum states are described by the 
dynamical operator basis (79), and by this in demanded approximation the 
density operator has a form 



This dynamical density operator has the following matrix representation in 
the dynamical basis 



Thermodynamics of space quantum states is quantum gravity. 



D[h] = G^[h]G[h}. 



(214) 



D[h] = &[h] 



1 




&[h] = &[h]WBi[h] 



(215) 
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and by direct application of the Bogoliubov transformation can be immedi- 
ately expressed in the static initial data basis as follows 



D[h] = 05] 



\u[h]\ 2 
-u*[h]v*[h] 



-u[h]v[h] 

LJ/,1 12 



<B 7 = Q3}©[/i]23j 



(216) 



where B)[h] has an interpretation of the matrix representation of the density 
operator (214) in the initial data operator basis, and actually describes the 
system of space quantum states in thermodynamical equilibrium with respect 
to the fundamental basis. The explicit form of the functional matrix 3[h] is 



i[h] 




-2i0 



m, 



77T 



m 



nil 




(217) 



and has the natural properties 

D f [/i] = B[h], detO[/i] = 0, 



(218) 



where for compact notation m = m[h], and 9 = 9[h]. This type of reasoning 
is some kind of the Heisenberg picture. 

It is natural to assume that the set of space quantum states is described 
in the Grand Canonical Ensemble [23]. The grand partition function is stan- 
dardly defined as 



ti(z,V,T) = Trzexp (~ 



Tr exp 



U-fiN 
f 



(219) 



where z = exp -— is called activity, U is internal energy, u is chemical po- 
tential, is averaged occupation number, V is volume, and T is temperature 
of the system. The ensemble average of quantity A in the Grand Canonical 
Ensemble is 



Tr 


A exp 


f U-fiN 


)) 


Tr exp | 


U-(iN\ 





(220) 



Thermodynamical equation of state for the Bose system can be calculated as 

PV 



T 



lnft(2, V,T), 



(221) 
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where P is pressure. The famous grand partition function for the Bose statis- 
tics in the case associated with our problem is 

Q{z, V, T) = 1 / ux , (222) 



1 - zexp [ - — 
and by this the equation of state (221) becomes 

-i u 

PV , A / U\\ , z ex ?T 



--lull -zexpi -- 1 1 =ln jj^. (223) 

^ V / / z -i eX p — — 1 

Moreover, the averaged occupation number can be determined 

zexp (-tpj 

N = z d~z ln y ' T) = V^Y = u — • ^ 

1 - z exD I 1 z~ l exp — - 1 



-fj z ~ ex P T 

Entropy of the Bose gas is then determined by the following relation 

-i u 

U , \ 2 ex P t , / _i 



5= f --ln^J ^ i n U-i e xp--lj . (225) 

^ ' z~ x exp — — 1 ^ ' 

6.2 The Bogoliubov coefficients 

Let us consider the space quantum states system in Grand Canonical En- 
semble. The basic quantity of statistical mechanics is an entropy, that for an 
arbitrary quantum system described is defined by the standard Gibbs-Von 
Neumann formula 

= .itmijhDH) (226) 

1 J TrB[/i] v ' 

and in considered case can be immediately computed from the density ma- 
trix (217). Using of linear algebra methods, especially the Cayley-Hamilton 
characteristic polynomial and its properties, one can compute directly the 
logarithm of the density matrix as 



in: 



+ ln(|u| 2 + \v\ 2 ) 



2 \u\ 2 + H 2 2 \u\ 2 + \v\ 2 

5 u*v* 3 \u\ 2 2 

2i«i 2 + m 2 ~2k7pTkF +n 



(227) 



45 



where u = u[h] and v = v[h] are the Bogoliubov coefficients given by (91). 
Taking the proper traces according to the definition (226) one can directly 
obtain the compact relation for entropy 

that can be immediately compared with the entropy of the Bose gas (225), 
and in result leads to the following identification 

\u[h]\ 2 + \v[h]\ 2 = z-^exp^-l, (229) 

m Mh A "'"TP ■ (230) 



8 


u[h]\ 2 \ 


v[h}\ 2 


(Hh}\ 2 + 


\v[h]\ 2 ) 2 



where the activity z[h] is now 

^=«P«. (231) 

After using of the hyperbolic property of the Bogoliubov coefficients the first 
identification leads to the following result 

z- l [h] exp M = 2 \u[hf = 2\v[h}\ 2 + 2, (232) 

and by this the second identification gives simply 

U[h] - fi[h]N[h] 4\v[h]\ 2 



T[h] 2\v[h}\' 



(233) 



Similarly the equation of state (223) for the Bose gas of space quantum states 
becomes 

P[h]V\h] , 2\u\h}\ 2 ( \ \ , x 

- In - ' |9 JI - = In 1 + t^tttt-T ■ ( 234 ) 



T[h] 2\u[h]\ 2 -l V 2 \ v l h ]\ 

The formula determined averaged occupation number (224) expressed by the 
Bogoliubov coefficients becomes 
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The presented relations give an opportunity to determine the Helmholtz free 
energy 

F[h] = U[h] - T[h]S[h], (236) 
as well as the Gibbs free energy 

G[h] = U[h] - T[h]S[h] + P[h]V[h], (237) 

and the enthalpy of the system defined as 

H[h] = U[h] + P[h]V[h], (238) 

iff the free energy U[h] is understood as the ensemble average of the ma- 
trix representation of the Hamiltonian of the system expressed in the stable 
Bogoliubov vacuum 

U[h] ~ TrB[h] ' (239) 
and the thermodynamical chemical potential is simply the functional deriva- 
tive of the internal energy with respect to the averaged occupation number 

6.3 Thermodynamics of the Bose gas 

In this part of the paper we will construct the space quantum states thermo- 
dynamics, that according to the conjecture presented in the first section of 
this text is the quantum theory of gravitation. 

Let us start from derivation of the thermodynamical quantities for the 
Bose gas of space quantum states that give crucial information about this 
many-body statistical system. Firstly, we will consider the internal energy of 
the gas. In order to derivation this characteristics, let us consider the matrix 
representation EI of the quantum field theory Hamiltonian (83) of the space 
quantum states with respect to the initial data fundamental operator basis 
23/, that is 

m[h] 



B[h] 



(\v[h}\ 2 + \u[h}\ 2 ) -m[h]u[h]v[h] 
-m[h]u*[h]v*[h] (\v[h]\ 2 + \u[h]\' 



(241) 



As it can be checked directly, this Hamiltonian matrix for fixed space metrics 
has the discrete spectrum that consists two different type eigenvalues 

SpecH = (\v[h}\ + y/l + \v[h]\^ , ^ (M*]| - Vl + WW) 2 } ■ 

(242) 
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By using of the definition (239) and some elementary algebraic computations 
one can obtain directly the internal energy of the Bose gas, that is equal to 



/ 



U[h] = m[h] 



\v[h]\' 



V 



1 | \v[h}\ 2 (1 + \v[h}\ 

2 Hh]\ 2 + \ 



\ 



J 



(243) 



Let us concentrate our attention on the occupation number of quantum states 
for the considered Bose gas of space quantum states. The number of space 
quantum states generated from the stable Bogoliubov vacuum related to 
initial data fundamental operator basis can be derived by standard method, 
as the vacuum expectation value of the one-particle density operator (214), 
namely by the following way 



r(0|D[ft]|0)j /(0|Gt[/i]G[fc]|0)j 



r(0|0)j 



'<0|0)j 



(244) 



After direct application of the bosonic Bogoliubov transformation and by us- 
ing of the canonical commutation relations related to the fundamental initial 
data operator basis in the Fock space, one can simply derive the number of 
vacuum quantum states as follows 







u[h]G\ - u[/i]G/) (-v*[h)G\ + tflhfc 







r(0|0)/ 

;[/i]| 2 G/G} + |u[/i]| 2 GlG 7 - v*[h]u[h]G\G\ - «[%*[/i]G/Gj 



•(010), 



\v[hf 



G/G} 



^(010), 



\v[hf 



(245) 



From the other point of view one can calculate the number of all possible 
states that can be occupied by the ensemble. This quantity can be deter- 
mined by grand canonical ensemble average of the matrix representation of 
one-particle density operator according to the definition 



(N)[h\ 



Tr(D[/i]N[/i]) 
Trip] 



(246) 



However, in the considered case we have the identification N[h] = B[/i], and 
by this reason the number can be computed immediately with the following 
rGsu.lt 

Tr(D 2 [/i]) Tr((TrD[/i])D[ 



(N)[h) 



TrB[h] 



TrB[h] 



TrB[/i] ; 



(247) 
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that after application of the matrix representation (217) and the relation 
(245) leads finally to 

(JV) = 2f+l. (248) 

By this the grand canonical ensemble average of an occupation number of 
the Bose gas of space quantum states determined firstly by the relation (235) 
really equals 

N = — - — , (249) 

and gives an information that statistically the volume of the Bose gas of 
space quantum states is occupied by one space quantum state. The relation 
between the number of states generated from the stable Bogoliubov vacuum 
£ and the mass m[h] arises directly from the formula (96) as 

m± = m I (yi± ^/ITl) . (250) 

By this reason the spectrum of the Hamiltonian eigenvalues (251) actually is 
determined by 



SpecH 



{f (Ve+>/rn) 4 .f (v^-vm) 4 }. (25i) 



This result can be interpreted as follows - the Bose gas of space quantum 
states consists two physically independent phases, associated with the sign 
+ and — respectively. However, these two possible phases have no the same 
physical status. For demystify of this fact let us consider the basic quantity 
(111) of the quantum field theory formulated in previous parts of this paper - 
the correlation function, that carries an information about one-point bosonic 
field configuration and is the key quantity by this fact 

{lh\hl) ± = ( ^L] = j. (252) 

The character of changeability of this one-point correlator strongly depends 
on the choice of the sign in the denominator, and has completely different 
physical meaning for the case of the sign + and for the case of the sign — . 
Namely, in the case the positive sign this correlator goes to zero for huge 
values of particles generated from the initial data vacuum, but for the case 
of negative sign the one-point correlations become asymptotically infinite for 
huge number of vacuum quantum states 

lim(l/i|/il> ± = ( ° ' 1° 1 + (253) 
g^oo oo , for - 
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Figure 4: The basic one-point correlation function for stable configuration 
of space quantum states. For the classical limit, i.e. for huge number of 
vacuum quantum states, the one-point correlations arises infinitely. 

The physical meaning of this situation can be explained in the following 
way. In the case of the positive sign, the one-point correlations in the limit 
of huge number of quantum states generated from the stable Bogoliubov 
vacuum asymptotically vanish, that physically means we have to deal with 
unstable situation in the classical limit, and by this reason the classical object 
associated with the positive sign in the one-point correlator (252) is the 
unstable object. However, in the second case, that is for the negative sign, 
the one-point correlations asymptotically arise to infinity with arise to infinity 
of the number of vacuum quantum states, and by this reason in this case the 
one-point correlator (252) describes stable configuration of space quantum 
states in the classical limit, it is stable physical object, see Figure (4). In 
this manner, at the present text we will discuss only the case of the negative 
sign. 
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Figure 5: Internal energy for the Bose gas of space quantum states primor- 
dially is given by initial data, and asymptotically goes to constant value 
determined also by initial data. 

6.4 Classically stable phase. Cold Big Bang. 

The internal energy of the Bose gas of space quantum states (243) for the 
stable fields configuration reads 

U = m, 3 -?±f±l (Vt-V£TTy, (254) 

and is monotonic function of the argument £ (see Figure (5)) that in classical 
limit of the huge argument values goes asymptotically to the constant value 
that is 

lim U = -m 7 . (255) 

£— >oo 8 

One can characterize some statistical properties of the Bose gas of space 
quantum states by derivation of the chemical potential for this system. This 
quantity can be calculated by direct using of the standard thermodynamical 
relation 

(256) 

that by using of the fact that the internal energy U as well as the averaged 
occupation number iV are functions of the number of vacuum quantum states 
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Figure 6: Chemical potential for the Bose gas of space quantum states asymp- 
totically describes open system, but primordially is associated with a point 
object ( The Big Bang point). 



T/m°j 












0,2 












D.l 
















2 4 




6 


: is 


-0.1 













Figure 7: Temperature for the Bose gas of space quantum states asymptot- 
ically goes to constant value determined by initial data, but primordially in 
the point of Big Bang is characterized by minus infinite value of temperature 
(Cold Big Bang). 
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£ leads to the definition 



SU 5£ 



(257) 



6£ 5N 

By using of the relations (254) and (249) one can compute some elementary 
derivatives that are need for derivation of the chemical potential 



SU 



mi 



6£ 2 + 6£ + 1 3£ 2 + 3£ + 1 



2£+ 1 



(v^-v^+T) : 
2£ + l 



(258) 
(259) 



so that actually the chemical potential (257) depends from number of vacuum 
quantum states by the following formula 



-mi 



3^ + 3 ^+2 



1 3^ 2 + 3^ + 1 



(2£ 



(v 7 ^- Vt + l) 2 - (260) 



The chemical potential (260) is also monotonic function of the argument £ 
and asymptotically decreases to zero for huge number of vacuum particles. 
This fact physically means that we actually consider the system with non- 
conserved number of quantum states (see Figure (6)). Obviously, it is not 
new fact for our considerations, we have considered this type system in this 
paper from the beginning. Now temperature of the Bose gas of space quan- 
tum states can be determined by direct application of the relation (233) as 
follows 



T 



2£ + l 
4£ 



(U-fxN), 



(261) 



that after application of the relations (254), (249), and (260) leads to the rela- 
tion between temperature and number of the space quantum states produced 
from initial data vacuum 



T = mi 



4£ 2 + 4£+l 



3£ 2 + 3£ + 1 



(2£ + l) 



8£ 



(262) 



This temperature globally is not monotonic function, but has stable value in 
the classical limit (see Figure (7)) 



lim T = — mr. 

€^oo 16 



(263) 
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One can see now that the following relation between internal energy and 
temperature of space quantum states holds 

8 £ 



U 
T 



3 2£ + 1 



4£ 2 + 4£ + 1 2£ + 1 



(264) 



and in the limit of huge number of vacuum quantum states one can suppose 
that the principle of energy equipartition should be fulfilled - in a sense of 
the classical thermal equilibrium, the energy is shared equally among on all 
degrees of freedom / of the system 



oo 



U 



f rj-\ 

2 



(265) 



One can calculate immediately the classical limit of the relation (264). The 
result exactly accords with the equipartition law (265), for this case the 
number of degrees of freedom equals 



/ = 4. 



(266) 



For huge number of vacuum quantum states we have to deal with classical 
thermal equilibrium state of the system of space quantum states, that is a 
Riemannian manifold given by a solution of the Einstein-Hilbert field equa- 
tions of General Relativity. Simultaneously out of the presented way looks 
into view the following fact: classical thermal equilibrium state of the system 
of space quantum states is associated with an object described by 4 thermo- 
dynamical degrees of freedom (see Figure (8)). These degrees of freedom 
have the natural interpretation - they can be identified with four spacetime 
coordinates - one time and three space coordinates. 

By direct using the equation of state (234) one can determinate the prod- 
uct of pressure and volume as 



PV 



mi 
3(2£ 



4£ 2 + 4^ + 1 _ 3£ 2 + 3£ + 1 



il (v / e-V / eTT) 2 ln( 



2£ + 2 

and similarly the product of temperature and entropy as 



(267) 



TS 



3mi 



4£ 2 + 4£ + 1 3£ 2 + 3£ + 1 



x 



2£ + 1 
£ + 1 2^ + 1 



2£+ 1 



ln(2£ + l) 



(v^-v/e+l) 2 - (26^ 



54 



U/T 

4 




Figure 8: Relation between quotient of internal energy and temperature (the 
blue line), and number of space quantum states generated from the initial 
data Bogoliubov vacuum. For the limit of huge value of this quantum number 
(the red line), i.e. for the classical equilibrium state of the system of space 
quantum states described by a Riemannian manifold given by a solution of 
the Einstein-Hilbert field equations of General Relativity, according to the 
law of equipartition this quotient asymptotically is related to 4 degrees of 
freedom, which have an interpretation of four spacetime coordinates. 
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The product of pressure and volume (267) goes to zero for huge number of 
vacuum space quantum states, what physically means that in this limit the 
pressure goes to zero for arbitrary big volume. The product of entropy and 
temperature (268) goes to minus infinity in this limit. Now the Helmholtz 
free energy F given by general relation (236) can be determined directly as 
follows 



mA 1 + 3 



2£ + l 



x 



ln(2£ + i; 



2£ 



1+1 
2£+l 



3£ 2 + 3£ + 1 
2£+ 1 



x 



4^+4^ + 1 _ 
3£ 2 + 3£+l v^TT) 



(269) 



similarly the Gibbs free energy G determined standardly by the relation (237) 
now is equal to 



G 



mA 1 + 3 



2£ + l 

8£ 



4£ 2 + 4£ + l 



ln(2f + 2) 



2e 



2£+l 



3e +3^+ 1 

2£ + l 

2 



X 



3e 2 +3e+i v^e+ry 

and the enthalpy if defined by the formula (238) now reads 



(270) 



H 



x In 



\ 1 

2£ 



3(2£ 



2£ 



4£ 2 + 4£ + 1 
3e + 3^+l v^ + T) 



These thermodynamical potentials have the following asymptotical values for 
huge number of vacuum quantum states (see Figures (9), (10), and (11)) 



lim F 
lim G 

lim H 



OO, 
OO, 



-mi. 



(272) 
(273) 

(274) 



Above thermodynamical characteristics determine complete physical infor- 
mation about the Bose gas of space quantum states related to the initial data 
stable Bogoliubov vacuum state. The variable £, that really is a number of 
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F/m, 



Figure 9: Helmholtz free energy for the Bose gas of space quantum states 
asymptotically arises to infinity. 



G/m, 



Figure 10: Gibbs free energy for the Bose gas of space quantum states asymp- 
totically arises to infinity 
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Figure 11: Enthalpy for the Bose gas of space quantum states asymptotically 
goes to constant value determined by initial data. 

space quantum states generated from the stable vacuum and simultaneously 
the square of one of the Bogoliubov coefficients, can be treated as the funda- 
mental quantity directly related with the basic one-point correlator (lh\hl) 
by the following way 

C= \ ( — — + J\(lh\h\)\ I --, (275) 

and allows to study the presented relations between thermodynamics of space 
quantum states and classical equilibrium states determined only by the one- 
point correlator. 

6.5 Entropy 

Let us consider the entropy of the Bose gas of space quantum states (228), 
graphically presented on the Figure (12). The relation (228) actually estab- 
lishes the nontrivial connection between disorder in the Bose gas of space 
quantum states with respect to the initial data fundamental operator basis, 
and the number of space quantum states generated from the stable initial 
data vacuum state. Let us take into our considerations the set of initial 
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Figure 12: Entropy of the Bose gas of space quantum states as a function 
of the parameter £ has nontrivial maximum, that is identified with the Bose 
condensation in the system. 
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data space quantum states. According to the relation for the mass (250) this 
group of space quantum states is described by the initial data mass 

m = m I £ = 0, (276) 

that really is the initial tachyon mass. It can be seen directly that the entropy 
(228) for these quantum states vanishes 

Sj = 0. (277) 

The complete thermodynamical characterizations of the group of initial data 
space quantum states can be computed by taking the limit 



limiV = 


1. 


(278) 


lim U = 


mi, 


(279) 


lim a = 

f-»o 


oo, 


(280) 


limT = 


— oo, 


(281) 


lim = 

t^o T 


In 2, 


(282) 


lim F = 


oo, 


(283) 


limG = 


— oo, 


(284) 


lim H = 


— oo. 


(285) 



We see that initially the Bose gas of space quantum states has finite internal 
energy and unit averaged occupation number, but all other characterizations 
are ± infinite. The chemical potential is also infinite, that physically means 
that the system is no open and is compact point object with huge negative 
temperature. In this manner the initial data point can be interpreted as 
the Big Bang point, where objects that bangs are space quantum states 
spontaneously generated from the stable quantum vacuum. The temperature 
in the Big Bang limit is negative infinite; this phenomena can be called the 
Cold Big Bang. 

On the Figure (12) we see that the next interesting group of states are the 
space quantum states associated with the maximal value of the entropy. Let 
us consider now the maximally entropy point of the system of space quantum 
states. This especial point is determined by the number of quantum states 
generated from the initial data vacuum given by 

£ = \, (286) 
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and by maximal value of entropy and chemical equilibrium character, this 
point has the natural interpretation of the point of the condensation in the 
Bose gas of space quantum states. The averaged occupation number for the 
condensate state equals 

N cond = \ = £, (287) 
and the mass of the condensate is 

m cond w 0.26795m/. (288) 
The Bose condensate point has the entropy 

S C ond = \ -In 2, (289) 
and by values of thermodynamical characteristics follows 



U C ond 


w 0.43542m/, 


(290) 


l^cond 


w 0.26869m/, 


(291) 


T 

- 1 cond 


w 0.30107m/, 


(292) 


Fcond 


w 0.19250m/, 


(293) 


^cond 


w 0.31457m/, 


(294) 


Hcond 


ps 0.55749m/, 


(295) 



with the following equation of state 

PV\ 3 

-jr) =ln|. (296) 

/ cond 

The group of space quantum states with maximal value of entropy are 
formally associated with chemical equilibrium of the Bose system of space 
quantum states. The fact that the maximal value of entropy is not localized 
in the initial data point £ = is the typical characteristic property of systems 
with the Bose condensate presence. However, as it was presented the group 
of initial data space quantum states play the crucial role in context of the 
Einstein-Hilbert General Relativity Riemannian manifold. These states have 
the fundamental status, they have the primordial states meaning. From the 
Figure (12) we see that in the region between the Big Bang and the Bose 

condensation of space quantum states, i.e. < £ < -, we observe entropy 

arising, and from the Bose condensation point up to classical equilibrium 

state, i. e. in the region £ > — , entropy decreases to minus infinity, and system 
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goes to thermodynamical disorder. It is interesting that in this region exists 
the point when entropy again vanishes, i.e the point where the system of 
space quantum states has the initial value of entropy, but other characteristics 
are not the same as initial ones. 



62 



7 Summary 



In this paper we have presented is details the new realization of the old prob- 
lem, that is formulation of quantum gravity by effective thermodynamics of 
quantum states. This realization was based on the fundamental fact - the 
Wheeler-DeWitt theory following from 3 + 1 decomposition of a Lorentzian 
manifold metric field of General Relativity actually is not nonrelativistic 
Schrodinger quantum mechanics for wave function of Universe, but is the 
Global One-Dimensional Klein-Gordon-Fock equation of classical field the- 
ory of the Bose field associated with embedded 3-dimensional space. More- 
over, we have proved directly that the Wheeler-DeWitt equation with pres- 
ence superspace metrics can be represented in the form without explicitly us- 
ing of the superspace metrics, that is the idea of Global One-Dimensionality, 
where the dimension is 3-volume form of a space. This simplified equation 
that further exists in the configurational space of General Relativity, was 
treated in this paper as the equation of classical field theory of the Bose field 
associated with spatial geometry of the Einstein-Hilbert pseudo-Riemannian 
manifold. The tachyon state of the classical field theory and more important 
from physical point of view the Dark Energy and the cosmological constant 
problems were described and discussed. Some limits for value of cosmologi- 
cal constant was derived. This little interpretational and cosmetic changes in 
the form of the Wheeler-DeWitt theory completely changed essence of the 
geometrodynamics that in the presented form is a classical field theory of 
some relativistic system. Quantization of this classical field theory is natural 
by application of the language of the Fock space functional annihilation and 
creation operators, and as it was presented in this paper gives beautiful and 
elegant results on physical nature of quantum gravitation. The quantum field 
theory was used as the main link between the Einstein-Hilbert General Rela- 
tivity and thermodynamical description of a Lorentzian manifold as an effect 
of the many-body quantum field theory of the Bose gas of space quantum 
states. It is the general field theory according to depictions of Dr. Albert 
Einstein. 

The quantum theory of gravitation presented in this paper essentially de- 
scribes the classical spacetime given by a solution of General Relativity field 
equations as an effect of asymptotical equilibrium of the generalized thermo- 
dynamics of the Bose gas of many quantum states of three-dimensional space 
that classically evolves in 1-dimensional time. These quantum states of 3 + 1 
splitted pseudo-Riemannian spacetime was called in this paper by name of 
space quantum states, and it was shown here that these quantum states can 
be considered in terms of gravity quanta. These are gravitons, in the sense of 
quantum field theory formulated in the Fock space the stable Bogoliubov vac- 
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uum state. As it was seen, the quantization of classical field theory, given by 
one-dimensional Klein-Gordon-Fock equation, can be constructed correctly 
only by using of the Fock space operator basis that is the Heisenberg type, 
i.e. has static character. This fact caused using of the bosonic Bogoliubov 
transformation, and leads to the fundamental operator basis associated with 
initial data. However, still we have to deal with open system, where number 
of quantum states is not conserved. The description related to the stable 
Bogoliubov vacuum state gave an opportunity to understand the quantum 
field theory in terms of the Bose gas of space quantum states and construct 
proper statistical mechanics of this system. As it was shown explicitly, this 
amazing Bose gas has some state of chemical equilibrium that is related to 
non-zero number of quantum states generated from the initial data vacuum, 
and has an interpretation of the Bose condensation in the Bose gas of space 
quantum states with respect to the initial data vacuum state. Really, as it 
was mentioned the Bose gas of space quantum consists two physical phases - 
one phase is characterized by some kind of "condensation" of one-point cor- 
relations in the case of arising of number of quantum states generated from 
the fundamental initial data vacuum, the second phase has vanishing corre- 
lations of the Bose gas in this classical limit. Physically this fact means that 
classical solution given by a Lorentizan manifold of General Relativity is de- 
scribed by the stable classical equilibrium in the first case, and by completely 
unstable state in the case of the second phase. By this physical reasoning 
we have chosen to further consideration the phase with condensing one-point 
correlations. This solution is thermodynamically stable in the classical limit, 
i.e. in the limit of huge value of number of vacuum quantum states gives 
a classical object that can be identified with the pseudo-Riemannian space- 
time. Furthermore, as it was computed by using of the equipartition law, 
this solution gives a number of thermodynamical degrees of freedom which 
accords to number of classical spacetime coordinates - it is equal to four. By 
this reason, from the point of view of the thermodynamics of the Bose gas of 
space quantum states, spacetime coordinates have a status of thermodynam- 
ical degrees of freedom in the presented approach. In this classical limit the 
considered phase has asymptotically constant values of temperature and in- 
ternal energy, and chemical potential vanishes classically. In this manner the 
stable solution describes the classical open quantum system in constant tem- 
perature. In the case of the second solution, by vanishing of the one-point 
correlations in classical limit, also the temperature of the space quantum 
states system arises to infinity for huge number of vacuum quantum states. 
For this solution exists Hot Big Bang of the initial data quantum states from 
the Bogoliubov vacuum opportunity. As it was presented in details, the anal- 
ysis of the stable phase of the Bose gas of space quantum states leads to the 
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Cold Big Bang phenomena, and to the interpretation of the initial state of 
the Bose gas as the primordial compact point object with negative infinite 
temperature. 

Finally, it was shown that the condensed state of the Bose gas of space 
quantum states presented for nontrivial value of number of vacuum quantum 
states, has a natural physical interpretation of chemical equilibrium state. 
Actually, by application of an analogy famous from condensed matter physics, 
the Bose condensate has a nature of the quantum object with macroscopic 
dimensions, and this should be observed in experiments as in the case of the 
Bose-Einstein condensation of photons. The condensed state of the Bose gas 
of space quantum states can be responsible for Dark Matter effects. 
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